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N.Klemyatin Dolbeault cohomology of compact complex manifolds
Dolbeault cohomology
of compact complex manifolds
with an action of a complex Lie
group.
Nikita Klemyatin
Abstract: LetG be a complex Lie group acting on a compact complex
Hermitian manifold M by holomorphic isometries. We prove that
the induced action on the Dolbeault cohomology and on the Bott-
Chern cohomology is trivial. We also apply this result to compute the
Dolbeault cohomology of Vaisman manifolds.
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1 Introduction.
One of the main invariants of a compact complex manifold is its Dolbeault
cohomology groups H∗,∗
∂
(M). They are defined as cohomology groups of
the complex (Ω∗,∗(M), ∂). Whenever M is compact Ka¨hler, Dolbeault co-
homology are isomorphic to de Rham cohomology groups H∗dR(M ;C). More
precisely, there is a Hodge decomposition for de Rham cohomology groups:
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HkdR(M ;C) =
⊕
p+q=k
Hp,q
∂
(M).
However, when M is non-Ka¨hler, this decomposition generally fails.
Now let M be a manifold which is equipped with a smooth action of a
connected Lie group G. A simple computation with Cartan formula LX =
dιX + ιXd shows that G acts trivially on H
∗
dR(M). Hence, in the case of a
compact Ka¨hler M with holomorphic action of G the induced action of on
H∗,∗
∂
(M) is again trivial. In contrary, the non-Ka¨hler case provides examples
of non-trivial action (see [Akh1], [Akh2]) on the Dolbeaut cohomology groups.
So one could ask when the holomorphic action of a Lie group induces the
trivial action on H∗,∗
∂
(M).
This question could be extended on the Bott-Chern H∗,∗BC(M) and Aeppli
H∗,∗BC(M) cohomology groups of a compact complex manifold M with holo-
morphic action of a group G. These groups are defined as follows:
H∗,∗BC(M) =
ker(d) ∩ ker(dc)
im(ddc)
and
H∗,∗A (M) =
ker(ddc)
im(d) + im(dc)
.
The induced action of G on these cohomology groups could be non-trivial.
However, there are conditions on M and G, which implies the triviality of
the induced action on H∗,∗
∂
(M), H∗,∗BC(M) and H
∗,∗
A (M).
Theorem 1.1: Let G be a complex Lie group, which acts on a compact
Hermitian manifold M = (M,h) by holomorphic isometries. Then G acts
trivially on Dolbeault, Bott-Chern and Aeppli cohomologies of M .
As a corollary, we obtain that the Dolbeault cohomology may be repre-
sented by invariant forms and any ∆∂-harmonic form is invariant.
As an application of Theorem 1.1 we compute the Dolbeault cohomology
of compact Vaisman manifolds. Indeed, Dolbeault cohomology groups of M
are isomorphic to the Dolbeault cohomology groups of invariant forms and
they can be easily computed by this observation.
Theorem 1.2: The Dolbeault cohomology groups of a Vaisman manifold M
are organized as follows:
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Hp,q
∂
(M) =
{
H
p,q
B
(M)⊕θ0,1∧Hp,q−1
B
(M)
Im(Lω0 )
, p+ q 6 dimC(M)
Ker(Lω0)Hp,q
B
(M)⊕θ0,1∧Hp,q−1
B
(M), p+ q > dimC(M)
2 Preliminaries.
2.1 Basic properties of complex Lie groups.
We briefly introduce some notions about holomorphic group actions on com-
plex manifolds.
Definition 2.1: A group G is called a complex Lie group if G is a complex
manifold and the maps G×G→ G, (g1; g2) 7→ g1g2 and G→ G, g 7→ g
−1 are
holomorphic.
A complex Lie group G is compact if the underlying complex manifold is
compact.
The following claim is well-known.
Claim 2.2: Let G be a compact complex Lie group of dimension n. Then
G is a torus Cn/Z2n.
Proof: Consider the adjoint representation Ad : G → End(Lie(G)) ∼=
C
n2. This is a holomorphic map, hence it is constant by the maximum
principle. Since Ad(e) = 1n, we have Ad(G) = 1n (here 1n is a n × n
identity matrix). Hence G is a commutative group and the exponential map
exp : Lie(G) → G is a homomorphism. Since G is compact, exp has a
nontrivial kernel, which is a finitely generated abelian group without torsion,
i.e. ker(exp) ∼= Zp. It is easy to see, that p = 2n and G ∼= Cn/Z2n.
When G is non-compact, it might be non-abelian. However, when G acts
on M by holomorphic isometries, we can say something about the closure of
G. First of all we need the following result about the isometry group of a
compact Riemannian manifold.
Theorem 2.3: (see [Kob], Chapter II, Thm.1.2) Let (M, g) be a compact
Riemannian manifold. Then the group Isom(M) isometries of (M, g) is a
compact Lie group.
We also need a following statement.
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Proposition 2.4: Let G be a complex group which acts by a holomorphic
isometries on a compact Hermitian manifold (M ; h). Then the closure of G
in the group Isom(M) still acts by holomorphic isometries on M .
Proof: Let {gn}
∞
n=1 be a Cauchy sequence in G. Since each gn lies in
Isom, the family {gn}
∞
n=1 is bounded. By the Montel’s theorem, the limit g
of {gn}
∞
n=1 is holomorphic. By the theorem of Cartan and von Neumann (see
[Kob]), the closure is a Lie group. It will be compact by Theorem 2.3.
2.2 Holomorphic vector fields and Lie derivative.
Let G be a Lie group and M = (M,J) be a compact complex manifold. We
assume that both G and M are connected.
Definition 2.5: A holomorphic action of complex Lie group G on a complex
manifold M is a holomorphic map σ : G×M →M .
Definition 2.6: ([Gau]) A vector field X is called holomorphic vector field
if LXJ = 0.
Clearly holomorphic vector fields form a Lie subalgebra h(M) in the al-
gebra of all holomorphic vector fields on M . If G acts holomorphically on
M , then the action induces a homomorphism deσ : Lie(G)→ h(M) of (real)
Lie algebras. This homomorphism gives us the action of Lie(G) on tensors
on M via the Lie derivative. Recall that Lie derivative acts on differential
forms via Cartan formula:
LXα = dιXα + ιXdα.
It also commutes with de Rham differential:
LXdα = dLXα.
Also the Lie derivative satisfies the Leibniz rule for the tensor product:
LX(P ⊗Q) = (LXP )⊗ O + P ⊗ (LXQ).
In particulary, the following identity holds:
LXY = [X ; Y ].
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As mentioned above, all holomorphic vector fields form a Lie algebra.
Moreover, on a complex manifold, the algebra of holomorphic vector fields is
a complex Lie algebra and JX is holomorphic whenever X is holomorphic.
Indeed, for a holomorphic vector field X and for any vector field Y one has
LJX(JY ) = [JX ; JY ] = J [JX ; Y ] + J [X ; JY ] + [X ; Y ] =
= J [JX ; Y ]− [X ; Y ] + [X ; Y ] = J [JX ; Y ] = JLXY.
Here in the second equality we use that Nijenhuis tensor is zero and in the
third equality we use the definition of holomorphic vector fields.
Now, in the case ofG-action onM that the homomorphism deσ : Lie(T )→
h(M) is actually a homomorphism of complex Lie algebras.
2.3 dc-operator and Lie derivative.
We start from the following definition:
Definition 2.7: (see [Gau], sect. 1.11) Consider an operator dc, defined as
following:
dcα = JdJ−1α = (−1)|α|JdJα.
Here α is an arbitrary form of degree |α|.
Note that dc is a real operator.
One can write down dc in terms of operators ∂ and ∂ (see [Gau]):
dc = i(∂ − ∂)
. Here d = ∂ + ∂ is the standard decomposition of the de Rham differential
on complex manifolds.
We also have
∂ =
1
2
(d+ idc) ∂ =
1
2
(d− idc).
There is a simple Cartan-type formula, which connects the operator dc
and the Lie derivative along LJX .
Proposition 2.8: Let X be a holomorphic vector field on compact complex
manifold M . Then LJXα = −{d
c; ιX} = −(d
cιX + ιXd
c)α for any form α.
– 5 – version 1.0 Sep. 8, 2019
N.Klemyatin Dolbeault cohomology of compact complex manifolds
Proof:
LJXα = (−1)
|α|LJXJ
2α = (−1)|α|J{d; ιJX}Jα = (−1)
|α|+1{JdJ ; ιX}α =
= −{dc; ιJX}α.
2.4 Elliptic operators on compact manifolds.
In this section we recall some facts about elliptic operators on compact man-
ifolds.
Let M be a compact manifold and E a vector bundle on M . Throughout
this section the symbol Γ(E) denotes the space of smooth sections on M .
Definition 2.9: Let E, F are complex vector bundles over compact manifold
M . A linear differential operator P of degree k from E to F is a C-linear
operator P : Γ(E)→ Γ(F ), s 7→ Ps of the form
Ps(x) =
k∑
|j|=0
aj(x)
∂j
∂xj11 . . . ∂x
jm
m
s(x). (2.1)
The principal symbol of the operator P is the morphism of vector bundles
σP (x, ξ) =
∑
|j|=k aj(x)ξ
j, σP (x, ξ) : E → F . Here ξ ∈ TξM .
The operator P is called elliptic, if the principal symbol σP (x, ξ) of P is
injective for any nonzero ξ.
Fix a volume form dµ on M . Let E be a Hermitian vector bundle, the
operator P : Γ(E) → Γ(E) is called self-adjoint, if it is self-adjoint with
respect to the L2 scalar product
(s; t) :=
∫
M
h(s, t)dµ
for any two s, t ∈ Γ(E).
Elliptic self-adjoint operators have very nice spectral properties.
Proposition 2.10: (see [Gil]) Let P : Γ(E) → Γ(E) be an elliptic self-
adjoint operator. Then we can find a complete basis {sj}
∞
j=1 of L2(E) of
eigensections of P . Each eigensection of P is smooth and each eigenspace
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has finite dimension. Moreover the set of eigenvalues is a discrete subset in
R.
This proposition has a very nice application for the case of E = Ω∗(M)
on a compact Hermitian manifold M with the holomorphic and isometric
action of compact Lie group G.
Proposition 2.11: Let G and M are as above and P : Ω∗(M) → Ω∗(M)
be a self-adjoint elliptic operator. Suppose that for any g ∈ G and for any
smooth form α we have g∗Pα = Pg∗α. Then each eigenspace of P is a
direct sum of irreducible representations of G. Moreover, for any g ∈ G
there exist a complete orthogonal basis {αj}
∞
j=0 such that Pαj = λjαj and
g∗αj = e
iajαj, aj ∈ R.
Proof: Since g∗Pα = Pg∗α, g∗ and P commute on each eigenspace of P .
Hence they have common eigenvectors on each eigenspace. For an arbitrary
g ∈ G the map g∗ is L2-isometry and hence its restriction on each eigenspace
is an unitary operator. Hence all eigenvalues of g∗ are equal to eiaj for some
real aj .
2.5 Various cohomology groups on compact complex
manifolds.
Recall that Dolbeault cohomology groups are defined as follows:
H∗,∗
∂
(M) =
ker(∂)
im(∂)
.
In the case of Ka¨hler manifolds there is a decomposition of de Rham
cohomology groups on a direct sum of Dolbeault cohomology groups:
HkdR(M ;C) =
⊕
p+q=k
Hp,q
∂
(M).
In general, there is no such decomposition for de Rham cohomology. How-
ever, there is the Frolicher inequality which is obtained from the Fro¨licher
spectral sequence (see [Dem]):
dimCH
k
dR(M ;C) 6
∑
p+q=k
dimCH
p,q
∂
(M).
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One can define another cohomology groups, namely Bott-Chern cohomol-
ogy
Hp,qBC(M) =
ker(d) ∩ ker(dc)
im(ddc)
and Aeppli cohomology
Hp,qA (M) =
ker(ddc)
im(d) + im(dc)
.
There is an analogue of harmonic decomposition for these cohomologies.
Indeed, for any Hermitian metric h on M one can construct the following
Laplacians for Bott-Chern and Aeppli cohomologies (see [Sch]):
∆BC := (∂∂)(∂∂)
∗ + (∂∂)∗(∂∂) + (∂
∗
∂)(∂
∗
∂)∗ + (∂
∗
∂)∗(∂
∗
∂) + ∂
∗
∂ + ∂∗∂
and
∆A = ∂∂
∗
+ ∂∂∗ + (∂∂)(∂∂)∗ + (∂∂)∗(∂∂) + (∂∂∗)(∂∂∗)∗ + (∂∂∗)∗(∂∂∗).
These operators are self-adjoint and elliptic and their kernels are isomor-
phic to H∗,∗BC(M) and H
∗,∗
A (M) respectively.
Both Bott-Chern and Aeppli cohomologies are “dual” to each other in
the following sense.
Theorem 2.12: (see [A], Theorem 2.5, and [Sch]) Let M be a compact
complex manifold of complex dimension m. Then there is an isomorphism
between Hp,qBC(M) and (H
m−p,m−q
A (M))
∗. The isomorphism is given by the
nondegenerate pairing∫
M
: Hp,qBC(M)×H
m−p,m−q
A (M) → C.
All these cohomology groups are related in the following way (see [AT]):
Hp,qBC(M)
Hp,q∂ (M)
<
HkdR(M ;C)
∨
Hp,q
∂
(M)
>
>
Hp,qA (M)
∨
<
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Note that in the general case all arrows in this diagram are neither
injective nor surjective. For instance, if M is non-Ka¨hler, then the map
Hp,qBC(M) → H
k
dR(M) may have a nontrivial kernel (see [OVV], Theorem
2.3).
3 Proof of the main theorem
Proposition 3.1: Suppose that complex connected Lie group G acts by
holomorphic isometries on compact complex non-Ka¨hler Hermitian manifold
(M,h). Then G acts trivially on H∗,∗BC(M).
Proof: Consider the natural map H∗,∗BC(M) → H
∗
dR(M ;C). Since G
acts trivially on H∗dR(M ;C), it is sufficient to prove that the action on
Ker(H∗,∗BC(M) → H
∗
dR(M ;C)) is trivial.
Suppose now that η = dα for some α. Let X ∈ Lie(G). Each α can
be written as α =
∑∞
j=0 cjαj , there ∆BCαj = λjαj . We also have LXα =∑∞
j=0 cjLXαj . Hence, by Proposition 2.11 we can assume LXα = aα and
LJXα = bα for some a, b ∈ iR.
Since dcη = 0, we have
0 = ιXd
cdα = −LJXdα− d
cιXdα = −LJXdα−
−dcLXα + d
cdιXα = −(bd+ ad
c)α + dcdιXα.
Let δ := bd+ adc, where a, b ∈ iR are as above. From the equation above
we can see that 0 = −δα + dcdιXα.
Now we want to write down LX in the form {δ, ιY } for some Y = y1X +
y2JX :
{δ, ιY } = by1{d
c, ιX}+ ay1{d; ιX}+ ay2{ιJX ; d}+ by2{ιJX ; d
c} =
= (ay2 − by1)LJX + (ay1 + by2)LX = LX .
Therefore we have the system of linear equations:{
ay2 − by1 = 0
ay1 + by2 = 1.
The determinant of this system is equal to −b2−a2 and it is nonzero whenever
either a or b is nonzero. Hence this system has a solution, i.e. LXα =
{δ, ιY } = διY α.
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If η = dα then LXη = LXdα = dLXα = dδιY α = add
cιY α = dd
cβ for
some β. Thus LX does not change the class of η in H
∗,∗
BC(M).
Corollary 3.2: In the assumptions of Proposition 3.1, G acts trivially on
H∗,∗A (M).
Proof: This is a direct corollary of Proposition 3.1 and Theorem 2.12.
Now we can prove Theorem 1.1.
Theorem 3.3: (also Theorem 1.1) Let G be a compact Lie group which acts
on a compact Hermitian manifold M = (M,h) by holomorphic isometries.
Then G acts trivially on Dolbeault, Bott-Chern and Aeppli cohomologies of
M .
Proof:
Consider the exact sequence:
0 −→ Ap,q −→ Bp,q −→Hp,q
∂
(M)−→Hp,qA (M)−→ C
p,q −→ 0
(see [AT]).
Here we define Ap,q, Bp,q and Cp,q as follows:
Ap,q =
im(∂) ∩ im(∂)
im(∂∂)
Bp,q =
im(∂) ∩ ker(∂)
im(∂∂)
Cp,q =
ker(∂∂)
im(∂) + im(∂)
.
Since Ap,q and Bp,q are subspaces of Hp,qBC(M), the action of G on A
p,q
and Bp,q is trivial. The G-action on groups Hp,qA (M) are also trivial by
Corollary 3.2. The groups Cp,q have trivialG-action because the mapHp,qA (M)→
Cp,q is surjective and commutes with action of G. Hence the induced G-action
on each group Hp,q
∂
(M) is trivial.
Corollary 3.4: Let h be a G-invariant Hermitian metric on M and α ∈
Hp,q
∂
(M) be a harmonic form (with respect to h) on M . Then α is G-
invariant.
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Proof: Let X be a holomorphic vector field from Lie(G). Since h is G-
invariant, LX commutes with ∆∂ and hence G acts on ∆∂-harmonic forms.
However, the space of ∆∂-harmonic forms is isomorphic to the Dolbeault
cohomology (see [Dem]). Since g∗α is again ∆∂-harmonic and has the same
Dolbeault cohomology class as α, we have g∗α = α.
Corollary 3.5: Let M and G be as above. Then the closure G of G in
Isom(M) acts trivially on Hp,q
∂
(M).
Proof: By Proposition 2.4 the groupG acts on the space of ∆∂-harmonic
forms. The group G acts trivially on harmonic forms because G acts trivially
on it.
4 The application to Vaisman manifolds.
4.1 Sasakian and Vaisman manifolds.
In this section we recall some facts about Vaisman and Sasakian manifolds.
Definition 4.1: An odd-dimensional Riemann manifold (S, g) is called a
Sasakian manifold if it cone C(S) := S ×R>0 with the metric g˜ := t
2g + dt2
is Ka¨hler and the natural action of R>0 on C(S) is holomorphic.
Definition 4.2: A compact complex Hermitian manifold (M,J, ω) of dimC >
1 is called a locally conformally Ka¨hler (LCK for short), if it admits a Ka¨hler
covering (M˜, J˜ , ω˜), such that covering group acts by holomorphic homoteties
on M˜ .
The LCK property is equivalent to existence of a closed form θ such that
dω = θ ∧ ω. The form θ is called the Lee form. It is obviosly closed. When
θ is exact, an LCK manifold can be equipped a Ka¨hler metric. Indeed, if
θ = dϕ, then e−ϕω is closed.
A very important example of LCK manifolds are Vaisman manifolds.
Definition 4.3: A Vaisman manifold (M,J, ω, θ) is an LCK manifold such
that the Lee form θ is parallel with respect to the Levi-Civita connection
which is associated to the Hermitian metric.
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The typical examples of Vaisman manifolds are Hopf varieties HA :=
(Cn \ 0)/〈A〉, where A = diag(λi) with |λi| < 1 (see [OV2]).
The Vaisman manifold has a foliation Σ which is called the canonical (or
fundamental) foliation. It is generated by X = θ♯ := g−1(θ, ·) and JX = Jθ♯.
It is well-known that X and JX acts holomorphically onM . Moreover, there
is a transversely Ka¨hler metric on M . It is given by the following formula:
2ω0 = dθ
c = d(Jθ) = ω − θ ∧ θc.
(see [V1]). The local structure of compact Vaisman manifolds is well-
known and it is described by the following theorem.
Theorem 4.4: (The local structure theorem for compact Vaisman manifolds,
see [OV1]) Let (M,J, ω, θ) be a Vaisman manifold. Denote by X the vector
field dual to θ. Then LXJ = 0 and M is locally isomorphic to the Ka¨hler
cone of a Sasakian manifold. Moreover, X acts on Ka¨hler covering M˜ by
holomorphic homotheties of Ka¨hler metric.
The following proposition is well-known.
Proposition 4.5: The vector field JX is a Killing.
Proof: This is a local statement.
By Theorem 4.4 we can assume that locally M = S × R with product
metric gS + dt
2. Moreover, we can assume that θ = dt and X = d
dt
. Hence
the metric g˜ = e−t(gS + dt
2) is Ka¨hler. Denote by ω˜ a Ka¨hler form of g˜.
Since JX is ortogonal to X , it is tangent to S. Since JX is holomorphic,
we have LJX g˜ = LJX ω˜ = dιJX ω˜ = dθ = 0.
Since ∇X = ∇θ = 0, X is Killing as well and we have the following
statement
Claim 4.6: The group generated by etX and etJX acts by holomorphic isome-
tries on M .
4.2 Dolbeault cohomology of Vaisman manifolds.
Let (M,J, ω, θ) be a Vaisman manifold. We start from the corollary of
Theorem 1.1.
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Corollary 4.7: The Dolbeault cohomology groups ofM are the cohomology
groups of complex (Λ∗(M)inv, ∂) of invariant forms on M .
Proof: The group, generated by etX and etJX acts by holomorphic isome-
tries on M (Claim 4.6). Hence we can apply Theorem 1.1 and Corollary 3.5.
Each ∂-closed invariant form lies in Λ∗(M)Σ and it is an element of cohomol-
ogy group of the complex (Λ∗(M)inv, ∂).
Recall the important definition.
Definition 4.8: Let M be a manifold with foliation Σ. A form α is basic,
if ιXα = ιXdα = 0 for any vector field X tangent to Σ.
Proposition 4.9: Let η be an invariant form on M . Then Λ∗(M)inv =
(pi∗Λ∗B)
inv ⊗ Λ[θ1,0, θ0,1].
Proof: A form α onM is G-invariant iff it is invariant under the induced
action of Lie(G). Hence this is a purely local statement. Denote by F the
fiber of foliation Σ on M and by B the leaf space.
We know that locally
Λ∗(M) = pi∗Λ∗B ⊗ Λ
∗(F ).
Hence, the following equality holds for invariant forms
Λ∗(M)inv = (pi∗Λ∗B)
inv ⊗ Λ∗(F )inv.
But the (pi∗Λ∗B)
inv are just basic forms and Λ∗(F )inv is the exterior algebra
generated by θ and θc.
Recall some important definition from homological algebra.
Definition 4.10: Suppose (K∗, dK) and (L
∗, dL) are complexes and f :
K∗ → L∗ be a morphism of these complexes. Define a complex (C(f), df) as
follows: C(f)i = Ki+1 ⊕ Li and df = (dK , f − dL). This complex is called
the cone of f .
For each cone of a morphism we can construct the long exact sequence of
cohomology. Indeed, we have the short exact sequence of complexes:
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0→ L∗ → C(f)→ K∗[1]→ 0.
There is a well-known way to construct a long sequence in cohomology
from a short sequence of complexes:
. . . −→H i(L∗)−→H i(C(f))−→H i+1(K∗)−→H i+1(K∗)−→ . . .
(see [GM] for the details).
Now we can compute the Dolbeault cohomology groups for a Vaisman
manifold M .
Consider the subcomplex Λ∗,∗
B,θ0,1
:= (pi∗Λ∗B)
inv ⊕ θ0,1 ∧ (pi∗Λ∗B)
inv of the
complex Λ∗(M)inv. Denote by Lω0 the operator of multiplication by ω0.
Clearly, Λ∗(M)inv = Λ∗,∗
B,θ0,1
⊕ θ1,0 ∧Λ∗,∗
B,θ0,1
and Lω0 is a morphism Λ
∗,∗
B,θ0,1
−→
Λ∗+1,∗+1
B,θ0,1
.
Proposition 4.11: ([OV3] in the case of de Rham cohomology) The complex
Λ∗(M)inv is isomorphic to the cone C(Lω0) of the morphism Λ
∗,∗
B,θ0,1
Lω0−−→
Λ∗,∗
B,θ0,1
.
Proof: We have
Λ∗(M)inv = Λ∗,∗
B,θ0,1
⊕ θ1,0 ∧ Λ∗,∗
B,θ0,1
= Λ∗,∗
B,θ0,1
⊕ Λ∗,∗
B,θ0,1
[−1].
The Dolbeault differential ∂ on Λ∗(M)inv acts in the following way: it is
the ordinary ∂ on Λ∗,∗
B,θ0,1
. On the other hand, we have ∂θ1,0 = ω0. Hence the
Dolbeault differential acts on Λ∗,∗
B,θ0,1
[−1] as ω0 − ∂.
Theorem 4.12: (also Theorem 1.2) The Dolbeault cohomology groups of a
Vaisman manifold M are organized as follows:
Hp,q
∂
(M) =
{
H
p,q
B
(M)⊕θ0,1∧Hp,q−1
B
(M)
Im(Lω0 )
, p+ q 6 dimC(M)
Ker(Lω0)Hp,q
B
(M)⊕θ0,1∧Hp,q−1
B
(M), p+ q > dimC(M)
This result is similar to Theorem 3.2 from [Ts].
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Proof: We have a long exact sequence:
. . . →Hp,q
B,θ0,1
(M)
Lω0−−→Hp+1,q+1
B,θ0,1
(M)→Hp+1,q+1
∂
(M)→Hp+1,q+1
B,θ0,1
(M)→ . . .
The cohomology groups H∗,∗
B,θ0,1
(M) of complex (Λ∗,∗
B,θ0,1
; ∂) are equal to
H∗,∗B (M)⊕ θ
0,1 ∧H∗,∗−1B (M). Since H
∗,∗
B (M) admits a Lefshetz SL(2)-action
(see [EK] and [EKH]), there is an analog of such action for H∗,∗
B,θ0,1
(M). Since
Lω0 is injective on H
p,q
B (M) for p+q 6 dimC(M), it is injective on H
p,q
B,θ0,1
(M)
with the same p, q. Hence we obtain the short exact sequence:
0 −→Hp−1,q−1
B,θ0,1
(M)
Lω0−−→Hp,q
B,θ0,1
(M)−→Hp,q
∂
(M)−→ 0
For the case p+ q > dimC(M) we have another short exact sequence:
0 −→Hp,q
∂
(M)−→Hp,q
B,θ0,1
(M)
Lω0−−→Hp+1,q+1
B,θ0,1
(M)−→ 0
The statement of the theorem directly follows from these two sequences.
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